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Abstract

Integral surfaces, such as stream- and path-surfaces, are highly effective when it comes to the exploration and
analysis of the long-term behavior of three-dimensional flows. However, specifying the seeding curves that lead
to an expressive set of integral surfaces is a challenging and cumbersome task. In this paper, we propose an
algorithm for automatically seeding multiple stream-surfaces around a user-specified point of interest. The process
is guided by a streamline similarity measure. Within the resulting integral surfaces, adjacent streamlines are as
similar as possible to each other. Conversely, we aim at conveying different aspects of the flow behavior with each
surface. This is achieved by maximizing the dissimilarity between streamlines from different stream-surfaces. The
capabilities of our technique are demonstrated on a number of application cases. We compare our expectations
with the results of an informal survey. We report from our detailed exchange with a domain expert concerning the
expressiveness and usefulness of our approach. A thorough analysis of the few parameters involved is provided.

Categories and Subject Descriptors (according to ACM CCS): I.3.3 [Computer Graphics]: Picture/Image
Generation—Line and curve generation, Display algorithms

1. Introduction

Air and water currents, electricity and dynamical systems are
common examples of flow phenomena. They are ubiquitous
in our world, and the ability to analyze and understand them
can have a deep impact on our daily life. A well established
method for investigating flow phenomena is represented by
streamlines. A streamline is a curve that starts at a seeding
point in the spatial domain and is everywhere tangent to the
flow vectors. In the case of time-independent (steady) flows,
it corresponds to the trajectory of a massless particle released
in the flow at the seeding point.

Even when we are interested in just a limited portion of
the domain, using a single streamline may lead to incomplete
information. Therefore, several streamlines are often seeded
and analyzed together. In the special case that all the seeding
points lie on a 1D curve (the seeding curve), the streamlines
can be merged into a single stream-surface. Even though
stream-surfaces can be more expressive, streamlines are still
the primary choice in many practical contexts. The reasons
are several: (1) Computing a stream-surface is more com-
plex and more expensive than computing multiple stream-
lines. (2) Specifying a set of uniformly distributed seeding
points is usually easier than defining a seeding curve in 3D.
(3) Finding a seeding curve that would lead to an expressive

and easy to understand stream-surface is highly challeng-
ing. These three issues are amplified when multiple stream-
surfaces have to be computed. Moreover, in order to exploit
the available computational power at best, we should avoid
computing stream-surfaces that convey the same aspect of
the phenomenon of interest.

In this paper, we propose a seeding algorithm for multi-
ple stream-surfaces that explicitly addresses issues (2) and
(3). We focus on the case of local flow investigation, i.e.,
we assume the user is interested in seeding surfaces around
a specific point of interest in the spatial domain. Our first
goal is to provide a system which is simple and easy-to-use.
Therefore, we ask the user to specify only the point of inter-
est and a few other intuitive parameters. Our technique auto-
matically constructs the seeding curves in a neighborhood of
the selected location. Our second goal is to compute stream-
surfaces that are easy to understand and that express the flow
behavior at best. To this end, we construct the seeding curves
according to the following guidelines:

(a) Each surface should capture a different aspect of the flow
behavior (avoid redundancy).

(b) Each surface should capture only one aspect of the flow
behavior (easy interpretation).
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(a) (b) (c) 

Figure 1: (a) Streamlines of a flow around an obstacle. (b)
Each of these surfaces captures the bi-modal behavior of the
flow. They have a complex shape and there is no advantage
in using two surfaces. (c) Each of these surfaces captures a
single aspect of the flow behavior. The conveyed information
is the same as in (b), but they are easier to understand.

A simple example is given in Figure 1. As a matter of fact,
these two guidelines represent the basis of several well-
established techniques. For instance, Vector Field Topology
[HH91] partitions the flow domain into regions of coherent
behavior. Each partition isolates a specific flow behavior (b),
which is different from the flow behavior in another partition
(a). Clustering, irrespective of the entities being clustered, is
another notable example. The inter-cluster similarity is mini-
mized (a) while the intra-cluster similarity is maximized (b).
In flow visualization, similarity measures for streamlines are
a common way to characterize the diverse aspects of the flow
behavior [MVvW05, LHS08, CYY∗11, MJL∗13]. We adopt
this strategy as well. Given a similarity measure, a stream-
surface is constructed so that adjacent streamlines within the
surface are as similar as possible. At the same time, we aim
at maximizing the dissimilarity between streamlines from
different stream-surfaces.

In order to generate the seeding curves starting from the
similarity measure, we propose a novel technique based on
multidimensional scaling [Kru64, CC10] and tensor analy-
sis (Sec. 3). We demonstrate the capabilities of our approach
over a number of application scenarios, including both ana-
lytical and simulated data. (Sec. 4). Our current implemen-
tation of the algorithm exploits the computational power of
both the CPU and the GPU. The computation time varies
from tenths of a second up to a few seconds, allowing for
the interactive exploration of flow datasets (Sec. 7). We con-
ducted a preliminary survey (Sec. 5) and discussed our sys-
tem with a collaborator from the CFD domain (Sec. 6). The
ease of use and the clarity of the results were among the most
appreciated qualities of our technique.

The main contributions of this paper are the following:

• We present a novel approach for automatically seeding
multiple stream-surfaces in the context of local flow ex-
ploration.
• We implemented our approach in an interactive and easy-

to-use system.
• We compare selected streamline similarity measures with

respect to their ability to characterize the flow behavior.
• We exploit multidimensional scaling (MDS) and tensor

analysis in an innovative way, in order to handle the simi-
larity between multiple entities in a continuous space.

2. Related Work

The study of integral curves and integral surfaces is an active
sub-field of flow visualization with a 30 years long history.
Reviewing this large amount of literature is beyond the scope
of this paper. Interested readers are referred to three recent
state-of-the-art reports [MLP∗10,BCP∗12,ELC∗12a] which
thoroughly describe the field. Here we present only a se-
lection of approaches related to our technique. Specifically,
we subdivide the related work in three categories: Stream-
line placement and similarity measures, Stream-surface con-
struction and rendering, Automatic stream-surface seeding.

Streamline placement and similarity measures. The
aim of streamline placement techniques is to display a large
number of streamlines while avoiding cluttering and occlu-
sion problems. The main issue is that a uniform arrange-
ment of seeding points does not lead to a homogeneous
distribution of streamlines. A possible solution is to par-
tition the flow field according to a given clustering algo-
rithm. Then, an integral curve is seeded at the center of each
cluster [TVW99]. However, this approach does not allow
for controlling the streamline distribution explicitly. In con-
trast, the evenly-spaced streamlines technique [JL97] guar-
antees that streamlines are homogeneously spread across
the spatial domain. A different strategy is adopted by Li et
al. [LHS08], who aim at revealing the flow behavior with a
minimal set of streamlines. Li and Shen [LS07] compute an
uncluttered distribution of streamlines in 3D by evenly dis-
tributing curves in screen-space. One of the first approaches
based on a similarity measure has been proposed by Chen
et al. [CCK07]. They compare pairs of streamlines accord-
ing to shape, direction and distance. In the end, they place
a larger number of seeding points nearby highly dissimilar
streamlines. Xu et al. [XLS10] compare streamlines accord-
ing to an entropy-based measure. Then, integral curves con-
sidered redundant are removed. Linear entropy and angular
entropy are instead used by Chen et al. [CYY∗11] in order
to cluster a dense set of streamlines. Streamline clustering
is also widely employed in the context of Diffusion Ten-
sor Imaging. An overview of the topic has been presented
by Moberts et al. [MVvW05]. McLoughlin et al. [MJL∗13]
deal with the problem of distributing streamlines along a
rake. For each streamline, they compute a signature based
on three shape descriptors: curvature, torsion and tortuos-
ity. The similarity is evaluated between pairs of signatures.
We have implemented their similarity measure in our sys-
tem. Tightly connected to our work is the approach by Rössl
and Theisel [RT12]. They adopt the Hausdorff distance as a
similarity measure for streamlines. A dissimilarity matrix is
computed over a large set of curves and they process it with
an MDS algorithm. Our technique follows approximately
the same idea up to this point. Rössl and Theisel continue
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Figure 2: Overview of our technique. (a) The user selects a point of interest. (b) A seeding structure is constructed around the
selected point. (c) Streamlines are seeded from the seeding structure, and the dissimilarity between each pair of streamlines is
computed. (d) The dissimilarity matrix is processed in order to determine the desired seeding curves (more details in Section 3.3)
(e) Stream-surfaces are integrated from the computed seeding curves.

by clustering the curves in the scaled space. In contrast, we
process the scaled coordinates further in order to better char-
acterize the changes in similarity in the spatial domain.

Stream-surface construction and rendering. The com-
putation of stream-surfaces has been investigated for the first
time by Hultquist [Hul92] in 1992. His algorithm is based on
the idea of propagating the seeding line in the flow field (ad-
vancing fronts) and triangulating the positions at each step.
Stalling [Sta99] improves this technique by treating criti-
cal points separately. More recently, Garth et al. [GKT∗08]
adopt a time-line approximation scheme as an alternative
to the advancing fronts. Schultze et al. [SGRT12] instead
force the front-line to be perpendicular to the flow, there-
fore producing high quality meshes. Rendering approaches
specifically designed for integral surfaces have been inves-
tigated as well. Löffelmann et al. [LMGP97] propose the
stream arrows, a technique for conveying the direction of
the flow on the surface while reducing self-occlusion. An-
other possibility is represented by texture advection tech-
niques. For instance, Van Wijk [vW03] describes how to ap-
ply the Image Based Flow Visualization algorithm to curved
surfaces. In recent years, Born et al. [BWF∗10] suggest to
improve visibility and shape perception by means of con-
tour lines, halftoning and transparency. Visibility issues are
addressed directly by Brambilla et al. [BVH12], who split
stream-surfaces in a hierarchical fashion. Different strategies
for controlling the transparency of the surface are presented
by Hummel et al. [HGH∗10] and Carnecky et al. [CFM∗13].

Automatic stream-surface seeding. The automatic
placement of one or multiple stream-surfaces has been ad-
dressed only in recent years. The heart of the problem is
defining a suitable seeding curve, or set of seeding curves. In
analogy with streamline placement, clustering the spatial do-
main is a viable option. A seeding curve can then be placed
in every cluster. Specifically, Edmunds et al. [ELM∗12]
compute the seeding curves by integration over the curva-
ture vector field, starting from the center of each cluster. An-
other technique by Edmunds et al. [EML∗11] evaluates the
flow direction close to the borders of the domain, producing
a scalar field over the boundary surfaces. Iso-lines of such a
field are used as seeding curves. A later extension of this ap-

proach [ELC∗12b] makes it possible to seed surfaces even
in the inner regions of the dataset. Notice that these three
techniques aim at producing a dense coverage of the spatial
domain, and are therefore unsuitable for investigating the
flow behavior at selected locations. Esturo et al. [ESRT13]
employ a simulated annealing optimization in order to de-
termine the single stream-surface that expresses the flow be-
havior at best. Their approach allows for an adequate control
over the shape and the appearance of the surface, therefore it
is suitable for presentation purposes. However, the location
of the seeding curve cannot be directly specified. In all these
approaches, one or more non-photorealistic rendering tech-
niques are employed in order to improve shape and depth
perception.

3. Automatic Surface Construction

Our technique is summarized in Figure 2. After a dataset has
been loaded, the user selects a point of interest in the spatial
domain. A 2D seeding structure of variable size and resolu-
tion is then created around the selected location. (Sec. 3.1).
The next step is to compute a dense set of streamlines, one
for each point of the seeding structure. The dissimilarity be-
tween each pair of streamlines is computed according to a
similarity measure selected by the user (Sec. 3.2). The result-
ing dissimilarity matrix is processed by an MDS algorithm,
which maps the streamlines to points in a scaled space. For
each streamline, we compute the Jacobian of the coordinates
in the scaled space. We define a similarity tensor field over
the seeding structure, based on the Jacobian (Sec. 3.3). Fi-
nally, by computing tensor lines in the similarity tensor field,
we obtain the desired seeding curves (Sec. 3.4). The user is
free to modify the point of interest or any of the parameters
of the system and restart the computation, producing new
surfaces. In the following, all the steps of our algorithm are
described in details.

3.1. Seeding

In the beginning, the user can freely select a point of in-
terest p in the spatial domain Ω ⊆ R3. For simplicity, we
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now consider the case where only one surface has to be con-
structed. The extension to multiple surfaces is discussed in
Section 3.5.

Our initial requirement is that the resulting stream-surface
should pass through p. Previous research on this topic
[ELM∗12, ESRT13] concluded that a desirable property for
seeding curves is to be orthogonal to the flow direction.
Therefore, we evaluate the velocity vp = v(p) in p. We con-
strain the target seeding curve to pass through p and to lie
in the plane orthogonal to vp. As a matter of fact, we do not
consider the whole plane, but we take into account only a
small square patch Ψ ⊂ Ω around p. We refer to the square
patch Ψ with the term seeding plane. Ψ can be naturally pa-
rameterized using two parameters u,w ∈ [0,1]. We define a
seeding structure as the Cartesian grid obtained by subdi-
viding Ψ in N rows and N columns, with the same constant
spacing in both the u and w direction. The size of Ψ and the
grid’s resolution N can be controlled by the user.

3.2. Streamlines and Similarity Measures

We integrate M = N ·N streamlines, one from each of the
vertices of the seeding structure. The integration is per-
formed with an adaptive Runge-Kutta method of 4th or-
der. The user is free to modify the usual integration pa-
rameters, such as the desired precision or the maximal in-
tegration time. Then, we evaluate the dissimilarity between
each pair of streamlines by means of a user-specified sim-
ilarity measure d. The result is a symmetric distance ma-
trix D ∈ RM×M

+ . Specifically, let ϕi and ϕ j be two of the
computed streamlines. Then Di j = d(ϕi,ϕ j), where d is the
adopted similarity measure. Di j is inversely proportional to
how similar ϕi and ϕ j are. Dii = 0. Note that the adjacency
between streamlines is taken into account at a later stage of
the algorithm. Therefore d has to be invariant with respect to
the location of the seeding points. This is achieved by trans-
lating each curve so that its seeding point corresponds to the
origin of the coordinate system.

The user is free to choose the similarity measure that con-
forms to his/her requirements at best. The distribution and
the shape of the resulting stream-surfaces are affected by this
choice. Different similarity metrics concretize in different
properties of the final surfaces. Our system is highly mod-
ular and virtually any kind of similarity measure can be eas-
ily incorporated. For demonstration purposes, we have de-
veloped four similarity measures: Hausdorff, FTLE-based,
Separation-based and Shape-based. In the following, we
briefly describe how they are defined and how they are ex-
pected to affect the final surfaces. Figure 3 illustrates the dif-
ferences between the four measures with a simple example.
Their impact in practical cases is discussed in Section 4.

Hausdorff distance. The Hausdorff distance is a mea-
sure defined over subsets of a metric space. Note that, in our
case, streamlines are subsets of the metric space R3. The

time 

space 

0 

s2 

s3 

dH dFTLE (t2) dFTLE (tf) dsep (s1) dsep (s2) 
s3 s1 sf 1 - t1/tf 1 - t3/tf 

s1 

tf t2 t3 t1 0 

ϕ1 

ϕ2 

ϕ3 

sf 

Figure 3: The table shows the dissimilarity values between
the streamlines ϕ1 and ϕ2 according to the different similar-
ity measures (with different parameters). The shape-based
measure cannot be precisely evaluated in this example, but
the curves’ shape suggest that dshape(ϕ1,ϕ2) is by far larger
than dshape(ϕ1,ϕ3).

Hausdorff distance dH between two streamlines ϕi and ϕ j is
defined as

dH(ϕi,ϕ j) = max
{

dh(ϕi,ϕ j),dh(ϕ j,ϕi)
}
,

where

dh(ϕi,ϕ j) = max
x∈ϕi

min
y∈ϕ j
‖x−y‖

and ‖·‖ is the common Euclidean norm. In other words, ϕi
and ϕ j are never further than dH(ϕi,ϕ j) away from each
other. The use of the Hausdoff distance as a streamline
similarity measure is thoroughly discussed by Rössl and
Theisel [RT12]. In our approach, a stream-surface obtained
by adopting dH tends to have an almost constant width, mea-
sured orthogonally with respect to the flow vectors. Conse-
quently, it rarely crosses areas of divergent behavior, such as
saddle points.

FTLE-base similarity. The Finite Time Lyapunov Expo-
nent (FTLE) measures the separation rate for nearby par-
ticles over a finite period of time. It is related to the so-
called Lagrangian Coherent Structures [Hal01], which have
a significant role in the segmentation of unsteady flows.
Their importance is thoroughly discussed in a recent sur-
vey [PPF∗11]. We define a similarity measure dt

FT LE that
captures the same flow behavior as the FTLE does. We de-
note with ϕ(0) the seeding point of the streamline ϕ, and
with ϕ(t) the point reached by integrating the flow field from
ϕ(0) for a time t. Then, we set

dt
FT LE(ϕi,ϕ j) =

∥∥ϕi(t)−ϕ j(t)
∥∥ .

The value of t is, by default, the maximal integration time
used for computing the streamlines, but it can be modified by
the user. Whenever we write dFT LE , we assume the default
parameter value is used. In analogy with the FTLE, dt

FT LE
does not take into account the shape of the streamlines, but
only their points at time t. When dt

FT LE is adopted, it is un-
likely that the stream-surface will traverse regions of signif-
icant separation (up to integration time t).
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(a)

(b)

Figure 4: Example with the basic elements of our system.
Five surfaces are computed in a flow through a box. N = 19,
dshape is adopted. (a) The seeding plane Ψ colored ac-
cording to the λmin values. The emin (white arrows), the
seeding curves (light green lines) and the emax tensor line
(dark green line) are also shown. (b) The resulting stream-
surfaces. The seeding plane (gray) and the seeding curves
(light green) are displayed as well. The red arrows highlight
the initial surface.

Separation-based similarity. The separation-based sim-
ilarity measure ds

sep can be thought as the dual of dt
FT LE .

While dt
FT LE takes into account the separation at time t, ds

sep
considers how long it takes for the curves to separate more
than s, with s specified by the user. More formally, we set

ds
sep(ϕi,ϕ j) = 1− t̃

tmax
,

where t̃ is the minimal time value such that∥∥ϕi(t̃)−ϕ j(t̃)
∥∥ ≥ s, and tmax is the time length of the

longest of the two curves (in time units). As a matter of
fact, ds

sep is strictly related to the Finite Size Lyapunov Ex-
ponent [ABC∗96]. A stream-surface obtained by employing
ds

sep is usually composed by streamlines which stay close
together at early integration times, but can significantly
separate at a later stage.

Shape-based similarity. We define dshape as the similar-
ity measure introduced by McLoughlin et al. [MJL∗13]. This
measure explicitly takes into account shape characteristics of
the curves, i.e., curvature, torsion and tortuosity. These prop-
erties are used to compute a streamline signature for each
curve. The similarity between two streamlines is evaluated
by comparing the two corresponding signatures. We refer to
the original paper for a thorough description of this tech-
nique. We opted for the non-hierarchical signatures, since
they offer a suitable trade-off between accuracy and perfor-
mance. In contrast with the other measures, dshape is very
sensitive to changes in the direction of the flow along the
streamlines. Therefore, the resulting stream-surface can tra-
verse regions of even strong shear, but hardly regions that
present a large variance of flow directions.

3.3. MDS and Similarity Tensor Field

The input to this stage of the pipeline is the previously com-
puted distance matrix Di j = d(ϕi,ϕ j). We are now in need of
a formal framework for investigating changes in streamline
similarity with respect to the location of the seeding points.
We accomplish this by applying an MDS algorithm to D,
therefore obtaining a mapping f : {ϕ0,ϕ1, . . . ,ϕM−1}→RQ.
The MDS process guarantees that the Euclidean distance∥∥f(ϕi)− f(ϕ j)

∥∥ in the embedding RQ is directly propor-
tional to the dissimilarity d(ϕi,ϕ j). According to the anal-
ysis by Rössl and Theisel [RT12], we set Q = 3. Notice that
each streamline ϕi has a univocal seeding point ϕi(0) on the
seeding plane Ψ. Therefore, we can define a second mapping
g such that g(ϕi(0)) = f(ϕi) for each i ∈ {0,1, . . . ,M−1}.
In order to make g continuous, we apply a simple Gaussian
filtering, obtaining the corresponding mapping ḡ : Ψ→ R3.

Recall that our goal is to construct a seeding curve such
that adjacent streamlines are as similar as possible. We con-
struct the seeding curve iteratively. We start from the initial
point of interest p ∈ Ψ. Our problem can be restated as de-
termining a point p+δp in an infinitesimal neighborhood of
p such that the length of δḡ = ḡ(p+δp)− ḡ(p) is minimized.
Function ḡ is continuous, and therefore differentiable. Its Ja-
cobian J is given by

J =


∂ḡ0
∂u

∂ḡ0
∂w

∂ḡ1
∂u

∂ḡ1
∂w

∂ḡ2
∂u

∂ḡ2
∂w

 ,
where (u,w) is the previously defined parameterization of
Ψ. It can be easily computed by central differences. We ap-
proximate δḡ by its first order Taylor expansion:

δḡ = ḡ(p)− ḡ(p+δp)≈ Jδp.

Its Euclidean norm is given by

‖δḡ‖ ≈
√
〈Jδp, Jδp〉=

√
〈δp, JT Jδp〉,

where 〈·〉 denotes the usual inner product. We define the
similarity tensor field by computing JT J at each point of
the seeding structure. JT J∈R2×2 is symmetric and positive
definite, so its spectral decomposition yields positive eigen-
values λmin,λmax and orthogonal eigenvectors emin,emax ∈
R2. I turns out that ‖δḡ‖ is minimized when δp is chosen to
be parallel to emin, and its value is proportional to λmin. In
Figure 4a, the seeding plane Ψ is colored according to the
values of λmin, and arrows show the corresponding emin vec-
tors. It is worth pointing out that a similar argument can be
found in the work by, e.g., Haller [Hal01] and Shadden et
al. [SLM05] for describing the FTLE.

3.4. Seeding Curves and Surface Construction

Starting from the point of interest p, the next point on the
desired seeding curve is p+ δp, where δp is a vector of in-
finitesimal length parallel to emin. This process is then re-
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peated from the new point. Conceptually, we construct the
seeding curve by following the emin vectors from p in for-
ward and backward direction.

The resulting curve is a tensor line of JT J. There is an im-
portant difference between computing tensor lines and inte-
grating a vector field. emin is an eigenvector, therefore−emin
is an eigenvector as well. This is a well known issue in ten-
sor visualization [KASH13]. We compute the desired tensor
line by adopting a modified version of the interpolation al-
gorithm by Hotz et al. [HSNHH10]. Their original algorithm
assumes the domain is triangulated, while our seeding struc-
ture is a 2D Cartesian grid. We triangulate the square cells
of our grid on the fly, during the computation of the ten-
sor line. Out of the two possible triangulations, we choose
the one that avoids degenerate points. If a degenerate point
is present in both the triangulations, we follow the strategy
by Delmarcelle and Hesselink [DH93] and interrupt the ten-
sor line. Otherwise we proceed with the interpolation of the
eigenvectors. If the resulting eigenvector is oriented against
the previous integration direction, we flip it.

Once the seeding curve is computed (Fig. 4a, central light
green curve), we employ Stalling’s approach [Sta99] for
constructing the related stream-surface (Fig. 4b, red arrows).
The underlying integration technique is the same used for
computing the streamlines (Sec. 3.2), with the same config-
uration of the parameters.

3.5. Multiple Stream-Surfaces

A first stream-surface, passing through the selected point p,
has been computed. Now our goal is to construct additional
surfaces that capture different aspects of the flow behavior.
In other words, we have to identify streamlines which are
dissimilar from the ones in the first surface. Starting from
p, we look for the point p + δp such that ‖δḡ‖ is max-
imized. In analogy with our previous analysis (Sec. 3.3),
this is achieved by choosing δp to be parallel to emax. We
compute the tensor line along the eigenvector emax (Fig. 4a,
dark green line). Notice that streamlines seeded from adja-
cent points along this line would be as dissimilar as possi-
ble. Starting from p, we uniformly distribute a user-defined
number of points along the emax tensor line. By computing
the emin tensor lines from these new points, we obtain the
desired seeding curves (Fig. 4a, short light green lines). The
additional surfaces are computed from these seeding curves
(Fig. 4b).

3.6. Visualization

Stream-surfaces are rendered with two different colors for
the front- and back-side (orange and blue) in order to ease
their interpretation in presence of swirling motion (Fig. 4b).
Areas of high flow curvature are shaded with a light greenish
color. Phong-shading is adopted to improve depth perception
and to emphasize sharp edges. View-dependent contours and

silhouettes are employed to better convey shape and depth
order. The seeding plane Ψ and the seeding curves are ren-
dered next to the stream-surfaces, in gray and light green
respectively.

In a separate window (Fig. 4a), we show the plane Ψ col-
ored according to the values of λmin. The seeding curves are
shown in light green, while the emax tensor line is in dark
green. The white arrows represent the emin eigenvectors, but
they are usually hidden in order to avoid cluttering.

4. Demonstration

We showcase the capabilities of our technique by comput-
ing multiple stream-surfaces in four different datasets. These
application scenarios are also exploited for presenting addi-
tional insights about the parameters of our algorithm. Fig-
ure 4 shows the result of our technique on a CFD simulation
of a flow through a box. The inlet is on the top of the box,
on the right, while the outlet is on the bottom left. The five
surfaces we have computed effectively convey the vortical
motion of the fluid when approaching the outlet. The rapid
twisting of the two upper surfaces can indicate the presence
of a vortex core nearby. The two right-most surfaces instead
gives an idea of the extent of the swirling area.

Our next application case is a CFD simulation of a fluid
flow around a square cylinder. We placed the point of inter-
est right before the cylinder. The size of the seeding struc-
ture is approximately twice the height of the cylinder, and
we set the resolution N = 31. In Figure 5a, we can see the
result obtained by adopting the dshape distance measure. In
our opinion, this choice of surfaces seemed quite unnatu-
ral, so we investigated this case further. It turns out that the
left and the right halves of the dataset have torsion values of
opposite sign, probably because of the symmetric twisting
motion induced by the obstacle. dshape is highly sensitive to
this kind of behavior, and this affects the shape of the result-
ing surfaces. By adopting ds

sep instead (Fig. 5b) we obtain a
more intuitive result. Parameter s has been set to one tenth of
the diagonal of a cell of the dataset. The difference between
Figures 5a and 5b may suggest that the twisting motion has
only a limited extent.

Figures 5c and 5d were obtained by setting N = 21 and
N = 11. All the other parameters were set as in Figure 5b.
The seeding curves are slightly shifted towards the point of
interest p. This is what cause the sharp turn in the bottom
stream-surface in Figure 5d. However, this is simply a con-
sequence of the larger size of the cells in the seeding struc-
ture. The effect can be compensated by adjusting the dis-
tance of the additional surfaces with respect to p. In general,
the higher the resolution is, the better the similarity tensor
field is characterized. In all the cases we investigated, adjust-
ing the resolution never led to drastic changes in the resulting
surfaces.

The ABC flow dataset is obtained from an analytical
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(a) (b) (d)(c)

Figure 5: Three stream-surfaces in the Square Cylinder dataset. (a) dshape is heavily affected by the small changes of torsion
values behind the cylinder, and this fact has a notable impact on the resulting surfaces (N = 31). (b) Adopting ds

sep, the surfaces
are less sensitive to these changes (N = 31,s = 0.1 · cell_diagonal). (c, d) Same as (b), but N is set to 21 and 11 respectively.
Besides a slight shift of the seeding curves, no significant change can be detected.

solution of Euler’s equation for inviscid flows [DFH∗86].
It is characterized by elongated vortices and large strain-
dominated regions. Figure 6a shows three stream-surfaces
in the ABC flow obtained with our technique. N = 23, dH
was employed. The left-most surface has, as expected, an
almost constant width. The same is true for the one on the
bottom-right (it cannot be seen from a single point of view
because of its twisting behavior). The central one instead
shows a significant amount of divergence and it ends in a
saddle point. This is in contrast with our previous analysis
of dH (Sec. 3.2). The reason can be found by looking at the
plot of the λmin values. The bottom part of the central seed-
ing curve has very high values of λmin. In other words, even
the most similar streamline is quite different from the current
one. In order to make our tool more versatile, we give the
user the opportunity to specify a threshold Λ. The computa-
tion of the emin tensor lines is stopped whenever λmin > Λ.
This feature can be easily turned on and off by the user. The
resulting surfaces (Fig. 6b) capture three different aspects
of the flow behavior and present them in a clear and under-
standable way.

Our last application case is a simulation of a gas leak in
a closed room. Three obstacles are present in the room. We
place the point of interest downstream from the leak, close
to the left obstacle, and we construct three surfaces. Fig-
ures 7a and 7b show the result obtained by adopting ds

sep
(s = 0.2 · cell_diagonal). We can clearly identify the vorti-
cal motion in front of the left obstacle, the laminar behav-
ior in the center, and the flow enveloping the obstacle. As
discussed in Section 3.2, ds

sep can lead to surfaces with a
strong divergent behavior at late integration times (Fig. 7,
red arrows). Accordingly, the λmin plot shows no trace of
such behavior. The situation changes when dFT LE is adopted
(Fig. 7c). The flow under the obstacle is now isolated and de-
picted by a single surface. The central surface captures both
the laminar motion in the center and the divergent flow en-
veloping the left obstacle (Fig. 7c, red arrows). This kind of
behavior is unexpected when using dFT LE . In analogy with
the ABC flow case, the λmin plot reveals that this is due to
large values of the minimum eigenvalue. Figure 7d shows

the result obtained by enforcing λmin < Λ along the seeding
curve.

5. The Right Tensor Lines

Adopting the emin tensor lines as seeding curves maximizes
the similarity of adjacent streamlines. If we had selected
the emax tensor lines instead, adjacent streamlines would be
maximally dissimilar. In such a case, a single stream-surface
would convey multiple aspects of the flow behavior, while
some information would be replicated over multiple surfaces
(Fig. 1b). A trade-off can be achieved by employing the eα

tensor lines, where the eα field is obtained by rotating emin

(b)

(a)

saddle

Figure 6: Three stream-surfaces of the ABC flow (N = 23,
dH ). (a) The central stream-surface shows elevated diver-
gence and crosses a saddle point. Notice that the related
seeding curve traverses an area with high values of λmin. (b)
The seeding curve is interrupted when λmin becomes greater
than a user-specified threshold.
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(a) (b)

(d)(c)

Figure 7: Three stream-surfaces in the gas leak dataset (N = 31). (a, b) ds
sep is adopted (s = 0.2 · cell_diagonal). ds

sep allows
for strong divergent behavior (red arrows). Note that this behavior is not manifested in the λmin plot. (c) dFT LE is adopted. The
divergence around the obstacle is still present (red arrows), but it corresponds to large values of λmin. (d) By setting a threshold
on λmin, the divergent part of the surface can be removed.

by α degrees. Note that e90◦ = e−90◦ = emax. Also, in case
of multiple surfaces, emax has to be rotated accordingly. We
implemented this feature in our system, letting the user spec-
ify the value of α (0◦ by default). In Figures 8a and 8b the
eigenvectors have been rotated by, respectively, 30 and 90
degrees with respect to the case in Figure 4.

We conducted an informal survey to acquire a prelimi-
nary indication of the users’ preferences. We showed the
participants surfaces generated at 4 different values of α,
i.e., 0◦,30◦,60◦,90◦. Participants were asked to identify:
(1) Which of the 4 scenarios is the easiest to understand,
and which one the most difficult to understand. (2) Which
scenario is the most redundant, and which one the least re-
dundant. (3) Which scenario conveys the largest amount of
information, and which one the smallest amount. We had 10
participants, and each of them answered these questions over
4 study cases, for a total of 40 evaluations. Even though this
basic investigation does not amount to a rigorous statistical
analysis, we can still gain certain empirical evidence con-
cerning the usefulness and effectiveness of our approach.

The outcome of our study is summarized in Figure 9. The
clearest results concern redundancy, which seems to be di-
rectly proportional to the rotation α of the tensor lines. Sce-
narios with α = 0◦ were selected as the easiest to under-
stand in most of the evaluations. However, the situation here
is slightly more uncertain, since the data in the “most diffi-
cult to understand” category does not show a corresponding
trend. In general, these results suggest that the surfaces pro-
duced with our technique comply with our two initial guide-
lines, i.e., no redundancy and easy interpretation (Sec. 1).
Regarding the information content, the situation is highly
uncertain and no clear pattern can be identified in the data.
Interestingly, α = 60◦ turned out to be worse than α = 90◦

in all but the “most redundant” category. It is worth pointing
out that only one of the participants has a background from
flow visualization. In many occasions, different participants
reported that the evaluation task was challenging, since they
lacked a sufficient knowledge for understanding the results

fully. The uncertainty concerning the third question may be
related to this fact.

6. Expert’s Evaluation

In the late stages of development we had a thorough ex-
change with a CFD engineer from the same company that
provided the gas leak dataset. The aim of this collaboration
was to identify the most valuable features of our technique
and to define possible directions for future improvements.
The expert acknowledged the ability of our technique to cap-
ture meaningful aspects of the fluid’s motion. Specifically,
he pointed out that the resulting stream-surfaces are easy to
understand and effective in exposing details of the flow be-
haviour. The ease of use was the most appreciated character-
istic of our system. The set of required parameters was con-
sidered sufficiently intuitive and able to provide full control
over the generated surfaces. It was pointed out that choosing
a suitable similarity measure can be problematic if no ex-
planation is provided. However, after trying out the tool for
a short time, the differences between the various measures
becomes clear. He also positively commented on the perfor-
mance of our current prototype. The separate view with the
λmin plot was deemed highly valuable for the selection of

(a) (b)

Figure 8: Same as Figure 4, but the eigenvectors are rotated
by 30◦ (a) and 90◦ (b) before computing the tensor lines.
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Figure 9: The results of our informal survey.

the seeding curve. As a matter of fact, one of his sugges-
tion was to make the separate view more interactive, e.g.,
by letting the user manipulate the seeding curves on the λmin
plot. Another research direction he deemed promising was to
adapt the technique for generating a global overview of the
dataset. This would be particularly useful when examining
an ensemble of simulations over the same spatial domain.

7. Implementation and Performance

Our system is written mainly in C++ and relies on different
libraries, such as Qt and VTK. We consider the main contri-
bution of this paper to be the seeding technique rather than
its implementation, so we invested a limited amount of ef-
forts in optimizing our software. Here, we report only some
indicative timings obtained with our current prototype. The
distance matrix, the MDS and the similarity tensor field rep-
resent the core of our technique. They are computed partially
on the CPU and partially in parallel on the GPU. Our work-
station is equipped with a 2.8GHz processor and a GeForce
GTX580 graphics card. The distance matrix is relatively in-
expensive to evaluate and can be usually computed on the
CPU at interactive rates. For instance, even with more that
900 lines (as in Fig. 5), the matrix is computed in less than
half a second. The only exception is the Hausdorff distance,
which is notoriously expensive. In this case, the distance ma-
trix is partially computed on the GPU by a CUDA kernel.
The computation time can still go up to 2 or 3 seconds. For
computing the MDS, we utilize the CFMDS algorithm by
Park et al. [PSH12]. Their implementation is open source
and is based on CULA, a GPU-accelerated library for linear
algebra. Computing the MDS can take from a few tenths of
seconds up to 1 second. For computing the similarity tensors
and their spectral decomposition, we implemented a dedi-
cated CUDA kernel. The seeding curves are instead com-
puted on the CPU. These two steps consumes a negligible
amount of time (less than 0.01sec). In our experience, the
whole process can take from a few tenths of a second up to
a few seconds, which still allows for interactive exploration.

8. Summary and Future Work

We have presented a novel technique for automatically seed-
ing multiple stream-surfaces around a point of interest. Our
algorithm aims at generating a set of stream-surfaces such
that (a) each surface captures a different aspect of the flow
behavior, and (b) each surface captures only one aspect of
the flow behavior. This is achieved by evaluating the pair-
wise similarity within a dense set of streamlines. In order to
process the resulting similarity matrix, we exploit MDS and
tensor analysis in an original way. A preliminary survey in-
dicates that our results are generally easy to understand and
free of redundancy. An evaluation by a domain expert con-
firms the usefulness of our system.

Concerning future developments, we plan to follow the
expert’s suggestion and enable the possibility of interacting
with the λmin plot. It may be also interesting to investigate al-
ternative seeding structures. For instance, a small patch from
an As-Perpendicular-As-Possible surface [SRGT12] can be
a suitable candidate. Adapting our technique for producing
an overview of the dataset can be also accomplished. One
option can be clustering the spatial domain and use each
cluster as a seeding structure, in analogy with the technique
by Edmunds et al. [ELM∗12]. Alternatively, we can follow
the strategy by Rössl and Theisel [RT12] and seed stream-
lines throughout the whole domain. The selection of seed-
ing curves can then be guided by the similarity tensor field.
A combination of these two ideas could result in a multi-
scale approach. Adapting our technique to path-lines and
path-surfaces is straightforward. For streak-surfaces, it may
be interesting to consider an extension of the seeding struc-
ture in the temporal dimension. Finally, we plan to further
investigate the combination of MDS and tensor analysis. We
believe this strategy can lead to interesting results also in
different application scenarios.
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state of the art in topology-based visualization of unsteady flow.
Computer Graphics Forum (2011), 1789–1811. 4

[PSH12] PARK S., SHIN S.-Y., HWANG K.-B.: CFMDS:
CUDA-based fast multidimensional scaling for genome-scale
data. BMC bioinformatics 13, Suppl 17 (2012), S23. 9

[RT12] RÖSSL C., THEISEL H.: Streamline embedding for 3d
vector field exploration. IEEE Trans. on Visualization and Com-
puter Graphics 18, 3 (2012), 407–420. 2, 4, 5, 9

[SGRT12] SCHULZE M., GERMER T., RÖSSL C., THEISEL H.:
Stream surface parametrization by flow-orthogonal front lines.
Computer Graphics Forum 31, 5 (Aug. 2012), 1725–1734. 3

[SLM05] SHADDEN S., LEKIEN F., MARSDEN J.: Definition
and properties of Lagrangian coherent structures from finite-time
Lyapunov exponents in two-dimensional aperiodic flows. Phys-
ica D: Nonlinear Phenomena 212, 3-4 (2005), 271–304. 5

[SRGT12] SCHULZE M., RÖSSL C., GERMER T., THEISEL H.:
As-perpendicular-as-possible surfaces for flow visualization. In
Proc. IEEE Pacific Visualization Symposium (PacificVis) (2012),
pp. 153–160. 9

[Sta99] STALLING D.: Fast Texture Based Algorithms for Vector
Field Visualization. PhD thesis, University of Berlin, 1999. 3, 6

[TVW99] TELEA A., VAN WIJK J. J.: Simplified representation
of vector fields. In Proc. IEEE Visualization ’99 (1999), pp. 35–
507. 2

[vW03] VAN WIJK J. J.: Image based flow visualization for
curved surfaces. In Proc. IEEE Visualization 2003 (2003),
pp. 123–130. 3

[XLS10] XU L., LEE T.-Y., SHEN H.-W.: An information-
theoretic framework for flow visualization. IEEE Trans. on Vi-
sualization and Computer Graphics 16, 6 (2010), 1216–1224. 2

INF319 - Prjoect in visualization (Fall 2014)


